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BACKGROUND & INTRODUCTION

▶ Let X and Y be the feature and label spaces respectively
▶ Clean samples (Xi ,Yi) are drawn independently from PX ,Y ∈ ∆(X × Y) (∆(A) is the space of

probability measures on A), but the learner only observes the (Xi ,Y ′
i )’s, where Y ′

i is corrupted
version of Yi from a conditional distribution: Y ′ | Y ∼ PY ′|Y

▶ Learner seeks to estimate the Bayes classifier of Y (the true label)

f ⋆P(x) ≜ argmaxy∈Y P(Y = y | X = x)

from the noisy training data {(Xi ,Y ′
i )}n

i=1

▶ Classification with noisy labels problem arises in many areas of science and engineering, including
medical image analysis (Karimi et al., 2020) and crowdsourcing (Jiang et al., 2021)

▶ If the label noise rates/distribution PY ′|Y is known or learnable from external data, we can recover f ⋆P
(Bylander, 1994; Cesa-Bianchi et al., 1999; Natarajan et al., 2013)

▶ Recently, Liu and Guo (2020) propose a method based on peer prediction, which provably recovers
f ⋆P when there are only two classes and they are balanced (but the label noise distribution is
unknown)
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BACKGROUND & INTRODUCTION

In our work, we consider the statistical aspects of classification with noisy labels. Our main contributions
are the following

▶ We show that the balanced binary classification problem is the only instance in which f ⋆P can be
learned without knowledge of the label noise distribution, while in more general problems, that
knowledge is essential

▶ We develop a new method based on weighted empirical risk minimization (ERM) that learns f ⋆P in the
balanced binary classification problem with noisy labels
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IDENTIFIABILITY OF BAYES CLASSIFIER
SETUP & ASSUMPTIONS

▶ A typical data-point (X ,Y ,Y ′) (a triplet of feature, clean label and noisy label) comes from a true
distribution P ≡ PX ,Y ,Y ′ (unknown)

▶ Since the learner only observes (Xi ,Y ′
i ) pairs we assume that the PX ,Y ′ marginal is known

▶ Assume that the noise is instance independent, i.e, for any x ∈ X and y , y ′ ∈ Y

P(Y ′ = y ′ | Y = y ,X = x) = P(Y ′ = y ′ | Y = y) ≜ ϵP(y ′, y) (1)

▶ Assume that PY = p, for some p ∈ ∆(Y)

▶ Assume the determinant of EQ = [[ϵQ(y ′, y)]]y ′,y∈Y is positive, which is a rather weak regularity
assumption. For binary, the it boils down to ϵQ(0, 1) + ϵQ(1, 0) < 1, which is standard in the literature
(Liu & Guo, 2020; Natarajan et al., 2013)
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IDENTIFIABILITY OF BAYES CLASSIFIER
MAIN RESULT

We define the class Q(K , p) of all probabilities Q ≡ QX ,Y ,Y ′ ∈ ∆(X × Y × Y) that satisfy our
assumptions.

We want to investigate whether the Bayes classifier f ⋆Q(x) ≜ argminy∈Y Q(Y = y | X = x) is same for all
the Q ∈ Q(K , p).

Theorem 1 (Identifiability of the Bayes Classifier)

The Bayes classifier f ⋆Q is unique for all Q ∈ Q(K , p), i.e , {f ⋆Q : Q ∈ Q(K , p)} is a singleton set if and only
if K = 2 and p = (1

2 ,
1
2).

4 / 10



PROOF IDEA/SKETCH

Say, αk(x) = Q(X ,Y )(x , k) and ak(x) = Q(X ,Y ′)(x , k). Then
a1(x)
a2(x)

...
aK (x)

 = E


α1(x)
α2(x)

...
αK (x)

 , where E =


ϵ(1, 1) ϵ(1, 2) · · · ϵ(1,K )
ϵ(2, 1) ϵ(2, 2) · · · ϵ(2,K )

...
... · · ·

...
ϵ(K , 1) ϵ(K , 2) · · · ϵ(K ,K )


=⇒ [α1(x), α2(x), . . . , αK (x)]

⊤ = E−1 [a1(x), a2(x), . . . , aK (x)]
⊤ .

Now, the vector [a1(x), a2(x), . . . , aK (x)]
⊤ is known to us through the distribution of PX ,Y ′ . Additionally,

we know p′ (distribution of Y ′) and for all the distributions Q ∈ Q(K , p) the distribution of Y is p.

We construct two E1 and E2 that are (1) stochastic (non-negative entries with column sum one) (2)
positive determinant (3) satisfies p′ = E1p and p′ = E2p and (4) produces Bayes decision boundaries.
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THE IDENTIFIABLE CASE
WEIGHTED ERM

p = (1/2, 1/2) is the special case when the Bayes classifier is unique, when the noise rates are not
required for learning f ⋆P . We provide an alternative to the peer loss framework (Liu & Guo, 2020), that f ⋆P
can be learned from an weighted ERM:

min
f∈F

1
n

n∑
i=1

pn
(
1 − Y ′

i
)
ℓ
(
f (Xi) ,Y ′

i
)
,

where F is a set of probabilistic classifiers such that for some η∗ ∈ F we have f ∗P(x) = 1[η∗(x) ≥ 1
2 ], ℓ is

the loss and pn(y) ≜ 1/n
∑n

i=1 1 {Y ′
i = y}.

Lemma 1 (Weighted ERM)

Let Y ,Y ′ ∈ {0, 1},P(Y = 1) = 1/2,F be the set of all binary classifiers on X , ℓ(f (x), y) = 1{f (x) ̸= y}
for f ∈ F and ϵP(0, 1) + ϵP(1, 0) < 1. If p′(1) = P (Y ′ = 1) and p′(0) = P (Y ′ = 0) then regardless the
values of ϵP(0, 1) and ϵP(1, 0) the Bayes classifier is recovered, i.e.

f ⋆P(x) = argmin
f∈F

EP
[
p′ (1 − Y ′) ℓ (f (X ),Y ′)] .
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THE NON-IDENTIFIABLE CASES

▶ For imbalanced binary classification (or) for classification tasks with more than two classes the
Bayes classifier is not identifiable when the noise rates

(
PY ′|Y

)
are unknown

▶ For establishing the proof of Theorem 1 we construct two different PY ′|Y ’s that are compatible with
the marginals PX ,Y ′ and PY but have different Bayes decision boundaries

▶ This is the problematic case, where it is statistically impossible to learn the Bayes classifier owing to
lack of identifiability, and an additional knowledge on PY ′|Y is essential for developing meaningful
procedures
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SYNTHETIC EXPERIMENT
SETUP

We empirically investigate the classification approach in on a synthetic dataset for binary classification,
whose description follows:
▶ Y ∼ Bernoulli(p)

▶ X | (Y = y) ∼ N2

(
2y−1

2 12, I2
)

▶ P (Y ′ = 0 | Y = 1) = ϵ1,P (Y ′ = 1 | Y = 0) = ϵ0

▶ We consider two situations: (1) the balanced case (p = 1/2), when the Bayes classifier is identified,
and (2) an imbalanced case with p = 0.35, when the Bayes classifier is not identified

▶ For both the cases we set ϵ1 = {0.4 − (1 − ϵ0) (1 − p)} /p
▶ Note that, for such a choice

P (Y ′ = 0) = P (Y ′ = 0 | Y = 1) p + P (Y ′ = 0 | Y = 0) (1 − p) = ϵ1p + (1 − ϵ0) (1 − p) = 0.4
▶ We compare our classification approach with two baselines: (1) the oracle (trained with the true Y )

and (2) the baseline (trained with noisy Y ′ without any adaptation). We use logistic regression model
for all the classifiers.
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SYNTHETIC EXPERIMENT
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Figure. The consistency (resp. inconsistency) of class balancing approach in for balanced (resp. imbalanced)
binary classification, as observed in left (resp. right) plot.

In the balanced case, our ERM approach has identical performance to the oracle case for large sample
sizes (ntr = 2500). On contrary, for imbalanced case there is a gap between the class balancing
approach and the oracle, even for large sample sizes.
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