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BACKGROUND & INTRODUCTION
MICRO RANDOMIZED TRIALS (MRTS)

MRT data for each individual: {O0,O1,A1,O2,A2, . . . ,OT ,AT ,OT+1} where t indexes a sequence of
decision points.

▶ Treatment is designed to impact a proximal response, denoted by Yt+1 = y (Ht ,At)

▶ St (āt−1) be the potential outcome for a time-varying effect moderator

▶ St (āt−1) is a summary of Ht (āt−1) (the potential history up to time t)
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BACKGROUND & INTRODUCTION
MODERATED EFFECTS

The causal excursion effect estimand for linear contrast is defined as:

βp(t ; s) = Ep
[
Yt+1

(
Āt−1,At = 1

)
− Yt+1

(
Āt−1,At = 0

)
| St

(
Āt−1

)
= s
]
,

these are time-varying effects and are function of the decision point t and a set of moderators St and is
marginalized over all other observed and unobserved variables.

The estimand can be re-expressed in terms of observable data:

βp(t ; s) = E [Ep [Yt+1 | At = 1,Ht ]− Ep [Yt+1 | At = 0,Ht ] | St = s] = ft(s)⊤β⋆.

For binary outcome, the relative risk (RR):

β
(RR)
p (t ; s) = log

(
Ep
[
Yt+1

(
Āt−1,At = 1

)
| St

(
Āt−1

)
= s
]

Ep
[
Yt+1

(
Āt−1,At = 0

)
| St

(
Āt−1

)
= s
])

= log

(
E [E [Yt+1 | Ht ,At = 1] | St = s]
E [E [Yt+1 | Ht ,At = 0] | St = s]

)
= ft(s)⊤β⋆.
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BACKGROUND & INTRODUCTION
ESTIMATION OF EXCURSION EFFECTS

▶ A consistent estimator of β⋆ can be obtained by minimizing a weighted and centered least squares
(WCLS) criterion:

argmin
β

Pn

[
T∑

t=1

(
Yt+1 − gt(Ht)

⊤α− (At − p̂(1|St)) ft(St)
⊤β
)2

Wt

]
, (1)

where Wt =
p̂t (At |St )
pt (At |Ht )

is a weight with p̂t(At |St) ∈ (0, 1) that only depends on St , gt(Ht) ∈ Rq are q
control variables (hoping to explain variation in the expected outcome).

▶ Consistent estimator of the RR excursion effect can be obtained by solving (a set of weighted
estimating equations) for EMEE:

Pn

[
T∑

t=1

Wte−At ft (St )⊤β
(

Yt+1 − egt (Ht )⊤α+At ft (St )⊤β
)( gt(Hi,t)

(Ai,t − p̂(1|Si,t))ft(Si,t)

)]
= 0. (2)
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BACKGROUND & INTRODUCTION
BROAD PICTURE

▶ Treatment effects vary within levels of effect moderators, measured prior to the treatment.

▶ In presence of many potential moderators (ft(s) ∈ Rp with large p).

▶ Fundamental trade-off accuracy and interpretability in the context of models with high-dimensional
parameters β∗ ∈ Rp

▶ Use the data to select a smaller subset of significant moderators.

▶ Subsequent inference on the selected moderated effect β∗(t ; s)? Selective bias? Data Splitting?
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SELECTION OF MODERATORS

▶ We propose a randomized LASSO selection.

▶ A randomized LASSO selection for WCLS would be:

argmin
α,β

{
1√
n

n∑
i=1

T∑
t=1

(
Yi,t − gt(Hi,t)

⊤α− (Ai,t − p̂(1|St)) ft(Si,t)
⊤β
)2

Wi,t + λ∥β∥1 −
√

nω⊤
n β

}
,

with a fixed regularization parameter λ ∈ R+. Say, β̂(λ)n ∈ Rp be a randomized LASSO solution, then
we select the moderators in ft(s) corresponding to which the solution has non-zero coefficient, that is

Ê =
{

j ∈ [p] : β̂(λ)n,j ̸= 0
}

.
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SELECTION OF MODERATORS
RISK FORMULATION

▶ To facilitate selection using LASSO, we formulate the casual contrast estimation problems through
loss minimization.

▶ Estimators based on ERM, for linear risk:

Pn

[
T∑

t=1

σ̃2
t (St)

{
ft(St)

⊤β − β⋆(t ;St)
}2
]

For relative risk:

Pn

[
T∑

t=1

σ̃2
t (St) (µ

⋆
t (Ht , 1) + µ⋆t (Ht , 0))

{
log(1 + eft (St )⊤β)− µ⋆t (Ht , 1)

(µ⋆t (Ht , 1) + µ⋆t (Ht , 0))
ft(St)

⊤β

}]
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SELECTION OF MODERATORS
GENERAL FRAMEWORK

▶ (Yi ,Xi)i∈[n] are n i.i.d sample from Fn. Let ψ(Yi ,Xib) be a generic loss function, with response
Yi ∈ RT and stacked temporal observations of p moderators Xi ∈ RT×p.

▶ A randomized LASSO problem is :

β̂
(λ)
n ∈ argmin

b∈Rp

{
1√
n

n∑
i=1

ψ(Yi ,Xib) + λ∥b∥1 −
√

nω′
nb

}
,

where λ ∈ R+ is a fixed regularization parameter and
√

nωn ∼ N (0p,Ω) ∈ Rp is added
randomization variable drawn independently of y .

▶ We select the moderators for which the the randomized LASSO solution has non-zero coefficient,
that is E =

{
j ∈ [p] : β̂(λ)n,j ̸= 0

}
.
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POST-SELECTION INFERENCE
FOR SELECTED MODERATED EFFECTS

▶ After selection of E ⊂ [p] our target of inference is:

βE
n = argmin

b∈R|E|

1√
n

n∑
i=1

E[ψ(Yi ,Xi,Eb)], more precisely βE .j
n = e⊤

j β
E
n ,∀j ∈ E .

▶ A natural estimate of our target is what we call refitted estimator:

β̂E
n = argmin

b∈R|E|

1√
n

n∑
i=1

ψ(Yi ,Xi,Eb) and β̂E .j
n = e⊤

j β̂
E
n , ∀j ∈ E .

▶ In the conditional selective inference approach, we conduct inference for βE .j
n based on the

conditional distribution of β̂E .j
n |{Ê = E}.
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POST-SELECTION INFERENCE

▶ The Karush-Kuhn-Tucker (KKT) conditions of stationarity at β̂(λ)n :

1√
n

n∑
i=1

X⊤
i ∇ψ(Yi ,Xi β̂

(λ)
n ) + Z =

√
nωn, with sE = sign(β̂(λ)n,E), ∥Z−E∥ ≤ λ (3)

where Z =

[
λsE

Z−E

]
is the observed value of the subgradient Z of the LASSO penalty at β̂(λ)n .

▶ Define p × p matrices based on the gradient and Hessian of the loss:

H = E

[
1
n

n∑
i=1

X⊤
i ∇2ψ (Yi ,Xiβn)

]
and K = Cov

(
1√
n

n∑
i=1

X⊤
i ∇ψ (Yi ,Xiβn)

)

and the orthogonal estimator

Γ̂E .j
n =

 S[E]\j

(
β̂E

n − 1
σ2

j
ΣE ,j β̂

E .j
n

)
1
n

∑n
i=1 X⊤

i,−E∇ψ
(

Yi ,Xi β̂
E
n

)
− (H−E ,E − K−E ,EK−1

E ,EHE ,E)β̂
E
n

 ∈ Rp−1.
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POST-SELECTION INFERENCE
FIXED E ASYMPTOTICS

Taylor expanding 1√
n

∑n
i=1 X⊤

i,E∇ψ
(

Yi ,Xi β̂n

)
= 0, the around βn:

1√
n

n∑
i=1

X⊤
i,E∇ψ

(
Yi ,Xiβ

E
n
)
+

1
n

n∑
i=1

X⊤
i,E∇2ψ

(
Yi ,Xiβ

E
n
)

Xi,E
√

n(β̂E
n − βE

n ) = 0

=⇒
√

n(β̂E
n − βE

n ) = H−1
E ,E

1√
n

n∑
i=1

X⊤
i,E∇ψ (Yi ,Xiβn) + op(1)

Thus, asymptotic covariance of
√

n(β̂E
n − βE

n ) will be H−1
E ,EKE ,EH−1

E ,E (say ΣE ,E ).

√
n(β̂E

n − βE
n ) ∼ Np(0,ΣE ,E)
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POST-SELECTION INFERENCE

Piece 1: Asymptotic representations of data variables for fixed E .

Theorem 3.1

Suppose that E ⊂ [p] is a fixed subset, then under assumption ??, asymptotically we would have

√
n

(
β̂E .j

n − βE .j
n

Γ̂E .j
n − ΓE .j

n

)
d→ N

0
0
0

 ,

σ2
j 0 0

0 Σ2 0
0 0 Σ3

 ,

where Σ2 = ΣE ,E − ΣE,jΣj,E

σ2
j

, Σ3 = K−E ,−E + H−E ,EH−1
E ,EK⊤

−E ,E + K−E ,EH−1
E ,EH⊤

−E ,E − K−E ,EK−1
E ,EK−E ,E .
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√
n

(
β̂E .j

n − βE .j
n

Γ̂E .j
n − ΓE .j

n

)
d→ N

0
0
0

 ,

σ2
j 0 0

0 Σ2 0
0 0 Σ3

 ,

where Σ2 = ΣE ,E − ΣE,jΣj,E

σ2
j

, Σ3 = K−E ,−E + H−E ,EH−1
E ,EK⊤

−E ,E + K−E ,EH−1
E ,EH⊤

−E ,E − K−E ,EK−1
E ,EK−E ,E .
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POST-SELECTION INFERENCE
CONDITIONING SET

▶ Start by conditioning on subgradient vector Z ,

{Z = Z} =
{

Ê = E , sE = sign(β̂(λ)n,E),Z−E = Z−E

}
⊆
{

Ê = E
}
.

▶ Condition further on a projection of β̂(λ)n,E . Define Λ = (H ′
,EΩ

−1H,E)
−1 and let

Qγ =
Λγ

γ⊤Λγ
and Aγ =

(
I − Qγγ⊤

)
β̂
(λ)
n,E , where γ ∈ R|E |.

▶ We condition on Aγ which the orthogonal projection and consider the conditioning event
{Z = Z,Aγ = Aγ} .

13 / 23



POST-SELECTION INFERENCE
CONDITIONING SET

▶ Start by conditioning on subgradient vector Z ,

{Z = Z} =
{
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POST-SELECTION INFERENCE
CONDITIONING SET

Proposition 3.2

For j ∈ E and γ = Λ−1H⊤
,EΩ

−1P1, define

Iγ− = max
k :s⊤

[k ]Λγ<0

{
−s⊤[k ]A

γ

s⊤[k ]Q
γ

}
, Iγ+ = min

k :s⊤
[k ]Λγ>0

{
−s⊤[k ]A

η

s⊤[k ]Q
γ

}
,

where s[k ] denoting the k−th column of diag(sE). We have

{Z = Z,Aγ = Aγ} =
{
γ⊤β̂

(λ)
n,E ∈ [Iγ−, I

γ
+],ZÊ = ZE ,Aγ = Aγ

}
.

Choice of γ? We choose γ = Λ−1H⊤
,EΩ

−1P1, so that we don’t pay any extra price for conditioning at least
in the situations when selection has no impact.
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POST-SELECTION INFERENCE

Piece 2: Connect the data variables β̂E .j
n , Γ̂E .j

n with the optimization variables β̂(λ)n,E ,ZE through the KKT.

Lemma 3.3

The KKT condition at β̂(λ)n,E can be written as

P1
√

nβ̂E .j
n + P2

√
nΓ̂E .j

n + H,E
√

nβ̂(λ)n,E + λ

[
sE

Z−E

]
+ op(1) =

√
nwn

where

P1 = − 1
σ2

j
K,EH−1

E ,ES
⊤
j ∈ Rp and P2 =

[
−HE ,ES⊤[E]\j 0

−K−E ,EK−1
E ,EHE ,ES⊤[E]\j I

]
∈ Rp×(p−1).
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POST-SELECTION INFERENCE

Piece 3: Derive the joint density of β̂(λ)n,E ,Z−E and β̂E .j
n , Γ̂E .j

n .

Lemma 3.4

For a fixed subset E and fixed signs sE , asymptotically the joint density of the variables√
nβ̂E .j

n ,
√

nΓ̂E .j
n ,

√
nβ̂(λ)n,E ,Z−E is equal to

ϕ(
√

nβ̂E .j
n ;

√
nβE .j

n , σ2
j )ϕ

(√
nΓE .j

n ;
√

nΓ̂E .j
n ,A2A⊤

2

)
× ϕ

(
P1

√
nβ̂E .j

n + P2
√

nΓ̂E .j
n + H,E

√
nβ̂(λ)n,E + λ

[
sE

Z−E

]
; 0p,Ω

)
|J|

where J =

[
HE ,E 0

H−E ,E λI

]
.
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POST-SELECTION INFERENCE
SELECTIVE PIVOTAL QUANTITY

Given the conditioning event
{

Z = Z,Aj = Aj
}

, define

W0(
√

nβ̂E .j
n ,

√
nΓ̂E .j

n ) =

∫ I j
+

I j
−

ϕ
(

H,EQj t + P1
√

nβ̂E .j
n + P2

√
nΓ̂E .j

n + T j ; 0p,Ω
)

dt .

where T j = H,E
√

nAj + λ

[
sE

Z−E

]
.

Using these notations, we now propose our pivot as:

PE .j(β̂E .j
n , Γ̂E .j

n ) =

∫ √
nβ̂E.j

n
−∞ ϕ(x ;

√
nβE .j

n , σ2
j )W0(x ,

√
nΓ̂E .j

n )dx∫∞
−∞ ϕ(x ;

√
nβE .j

n , σ2
j )W0(x ,

√
nΓ̂E .j

n )dx
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POST-SELECTION INFERENCE

▶ Two-sided confidence intervals at level α can be constructed as(
Lj
α.n,U

j
α.n

)
=
{
βE .j

n : PE .j(β̂E .j
n ) ∈

[α
2
, 1 − α

2

]}
.

▶ For each n ∈ N, say Fn = {Fn} denotes a collection of data-generating distributions. Then, under
some conditions we have

lim
n

sup
Fn∈F

∣∣∣PFn

[
βE .j

n ∈
(

Lj
α.n,U

j
α.n

)
| {Z = Z,Aγ = Aγ}

]
− (1 − α)

∣∣∣ = 0.

▶ In other words, for any fixed ϵ > 0, we can find a N(ϵ) ∈ N such that
(

Lj
α.n,U

j
α.n

)
attains the

selective coverage of 1 − α− ϵ, for any n ≥ N(ϵ) and for any data-generating distribution in Fn.
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SIMULATION STUDY
SETTINGS

▶ A simple generative model for Yt+1, which is linear in
(At ,St ,At−1,St−1,At−2,AtSt ,At−1St ,At−2St−1) .

▶ Let St ∈ Rd satisfy St = Γ0St−1 + AtΓ1 + et , where Γ0 ∈ Rp×p and Γ1 ∈ Rp and et ∼ N(0, σ2Ip) is
an iid white-noise term.

▶ The outcome model is

Yt+1 = θ⊤1 S̃t + θ2(At−1 − pt(1|Ht−1)) + (At − pt(1|Ht))
(
β10 + β⊤11S̃t,E

)
+ ϵt ,

where ϵt is a Gaussian process with covariance function Cov(ϵt , ϵs) = ρ|t−s|.

▶ Set T = 30, p = 50, E to be the first 5 moderators in St .

▶ Further, we set ρ = 0.5, θ1 = 0.81p and σ2 = 1. The target of inference is the sparse p-dimensional

vector β∗ = (β⊤11, 0p−|E |)
⊤.
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SIMULATION STUDY

To evaluate our method’s performance across different settings, we vary our sample size through n and
signal strength through β11 = c15.

Figure. Coverage (left) and Length (right) for varying signal strength
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SIMULATION STUDY

Figure. Coverage (left) and Length (right) for varying sample size
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SIMULATION STUDY
FINDINGS

▶ Not accounting for selection results in failure to attain right coverage. Both splitting and our selective
method achieves 90% coverage.

▶ The proposed selective confidence intervals are consistently narrower than those obtained by data
splitting. Specifically, for low signal strength and low sample sizes.
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DISCUSSION
AND FUTURE WORK

▶ We propose a LASSO based causal model selection and conditional inference framework (beats
data-splitting, powerful inference?).

▶ Directly applicable to a broad class of moderated effects, allowing any generic loss based estimation.

▶ We provide a selective inference method based on an easy to compute pivotal quantity and make
asymptotic guarantees without requiring stringent assumptions.

▶ How does the choice of Ω effect our inference? In practice, what should we do?

▶ Can we use cross-validation to tune λ? How do you choose λ in practice?
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